ON p-ADIC PERIODS FOR MIXED TATE MOTIVES OVER A 

NUMBER FIELD 



ANDRE CHATZISTAMATIOU AND SINAN UNVER 



Abstract. For a number field, we have a Tannaka category of mixed Tate 
motives at our disposal. We construct p-adic points of the associated Tannaka 
group by using p-adic Hodge theory. Extensions of two Tate objects yield 
functions on the Tannaka group, and we show that evaluation at our p-adic 
points is essentially given by the inverse of the Bloch-Kato exponential map. 
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Introduction 

For a number field E, one has an abelian category of mixed Tate motives MT{E) 
|DG05) . A mixed Tate motive comes equipped with a weight filtration W , and the 
associated graded pieces are sums of Tate objects. There is a natural fibre functor 
w defined by 

UJ{M) = 0Hom(Q(n),gr^!;jM)); 

we denote by the corresponding Tannaka group. 

If O denotes the ring of integers of E and x £ Spec(C') is a closed point, then 
Deligne and Goncharov construct a Tannaka subcategory MT{Ox) of MT{E) con- 
sisting of motives which are unramified at x |DG051 1.6]. We will denote its group 
of tensor automorphisms by Gx- 
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To a mixed Tate motive M we can attach its p-adic realization Mp which is a 
representation of the Galois group of E with coefficients in Qp. If the point x lies 
over the prime p, then we can restrict in order to obtain a p-adic representation 
Mt^p for the Galois group of the completion at x. We will show that M^p is 
always semistable. Furthermore, M^^p is crystalline if and only if M is unramified 
at X, i.e. M g MT{Ox) (Theorem l2.2.3|) . In fact, p-adic representations attached to 
mixed Tate motives are contained in an abelian subcategory which admits a fibre 
functor T similar to lo. Denoting by the corresponding Tannaka group over Qp, 
p-adic realization yields a group homomorphism 

Hr ®Q Qp. 

The main purpose of this paper is to construct an i?^:,^*- valued point r]st of 
Hr-, where Spec{Ex^st) is a 1-dimensional affine space over the field E^- The E^- 
valued points of Spec{E,j;^st) correspond naturally to the extensions of the canonical 
logarithm log : E to E^ . Therefore, any choice of such an extension 

induces via r]st an iJ^j-valued point of Hr and G,^. For the Tannaka subcategory of 
crystalline representations the picture is simpler: if Hr^cris denotes their Tannaka 
group and tt : Hj- — ^ Hr^cris is the projection, then norjst factors through Spec(£'2;) 
and we obtain an iJ^^-valued point 77 of Hr^cris- We denote by ry""" the image of r] 
in Gx- 

To state our main theorem, we need to recall how extensions M of Q(0) by (Q(n) 
in MT{Ox) give rise to functions on Gx for n > 1. The natural isomorphisms 
a : Q ^ Hom(Q(n),gr!f2„M) and (3 : Hom(Q(0), gr^M) Q induce elements 
a-^ G Lo{My and G a;(M); we set M(777) = a-'^iiff ■ 

Theorem (Theorem 12. 3. 3p . For all n > 1, the map 

ExtLj.(o^)(Q(0),QH) ^ Ex, M ^ M(r;r), 
is the composition of the p-adic realization 

ExtLT(o.)(Q(0),Q(")) ^ Exti,^,(CQp(0),Qp(n)) 
and the inverse of the Bloch-Kato exponential map i2.3.1]) . 

1. Filtered 0-modules and mixed Tate filtered (/)-modules 
1.1. Mixed Tate filtered 0-modules. 

1.1.1. Let K he a p-adic field with residue field k, i.e. char(X) ~ 0, K is com- 
plete with respect to a fixed discrete valuation and the residue field k is perfect of 
characteristic p. Let W{k) be the ring of Witt vectors oi k, a : W{k) — W{k) the 
Frobenius lift and Kq the field of fractions of W{k). 

1.1.2. We denote by MF^ the category of filtered 0-modules, i.e. the objects are 
triples {M,(j>,F), where {M,(j)) is an isocrystal over Kq and F is a descending, 
exhaustive and separated filtration on Mk = M ®Ko K. We denote by AIFp^ 
the category of filtered (0, iV)-modules, i.e. objects are tuples (Af , (j>, N, F) with 
(M, (j), F) G MF^ and N : M M is a i^o-linear endomorphism such that A^^ = 
p(j)N. We consider MFf, as full subcategory of MFf^^ via the functor (M, F) M- 
(M,<^,0,F). 
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The Dieudonnc-Manin classification [Ma63| II, §4.1] implies, by descent, that 
every isocrystal {M, 0) over Kq admits a slope decomposition 

with (f){M\) = M\ and (M\,(j) \mx) is isoclynic of slope A. From the relation 
N(f> = p(j)N, it follows that N{AI\) C Ma_i. In the following, we will use the 
notation: 

M<A := ^^A', M>A := My. 

x'eQ A'eQ 

A'<A A'>A 

Definition 1.1.3. We say that an object {M, (p, F) G MF^ is a mixed Tate filtered 
<j)-module if the following properties are satisfied: 

(1) There is an isomorphism of (/)-modules 

(M,0)-0(ifo,p"-a), 

for some index set /, and rii S Z. 

(2) For alH S Z the natural map 

F'Mk ^ M>, ®Ko K 

is an isomorphism. 

We say that {M,cj),N,F) e MFp^ is a mixed Tate filtered {(t), N) -module if 
(M, (/), F) is a mixed Tate filtered 0-module. 

We denote by MT^ (resp. MTp^) the full subcategory of MF^ (resp. MFf;^) 
with mixed Tate filtered 0-modules (resp. ((/), iV)-modules) as objects. The cate- 
gories MTf. and MTf;^ are additive. Again, we consider MT^ as full subcategory 
of A/T^'^. 

For {M,(j),N,F) e MTp'^ , it follows from Property (1) that aU the slopes of 
(M, (f)) are integers. From Property (2) we conclude that the Hodge polygon of 
{Mk, F) equals the Newton polygon of {M, cf)). 

Definition 1.1.4. (Tate objects) Let n G Z be an integer. We define the Tate 
object K{n) e MT^ by 

K{n) := (Xo,P""a,F), 

with F defined by 

K if j < — n, 
if j > -n. 



pi 



Definition 1.1.5. (Weight filtration) Let {M,(j),N,F) G MTf;^ . Let i e Z be an 
integer. We define an object W2iiM, <j), N, F) in MF^ by 

W2^ (M, cj), N, F) := (M<„ |m<. , |m<. , F n M<,). 

We define an object gr^(M, 0, N, F) in MT^ by 

gvYAM,<P,N,F) := (M„0|M.,i^), 

where F is defined as follows: 

F^M,=Mi, F^+^Mi=0. 
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Note that N{M<i) C M<i_i and N |m<, is well-defined. 

Proposition 1.1.6. Let {M,(t),N,F) e MTp^ and i e Z. The following state- 
ments hold. 

(1) The object W2i(M,(t), N, F) is contained m MT"^^ . 

(2) There is an exact sequence 

(1.1.1) 0^T4^2(,-i)(M,<^,iV,F) ^W^2^(M,0,iV,F) ^gr2T(M,</.,iV,F) ^0. 

Proof. It is sufficient to prove the statement for {M,(p,Q, F), i.e. for objects in 
MT^. 

For (1). It is obvious that 

W2^{W2i^+l)iM,^,F)) = W2^iM,^,F), 

for all (M, (/), F). Therefore we may reduce to the case 

W2i,+^iM,^,F) = (M,0,F). 

In this case M — M<i M^+i, and we have to prove that for all j El^ the map 

F^ n (Af<, ®Ko K) {M<^)>j (E)Ko K 

is an isomorphism. Since {M,<j),F) is an object in MT^, the map is injective. In 
particular, the map is an isomorphism for all j > * + 1- 

We need to show the surjectivity for j < i. By assumption, for every m S 
(M<j)>j- K there exists a preimage to' € F^ Mk- By definition, the projection 
of to' to Mj+i K vanishes, thus m' S F^ n (M<i (gj^o -f^)- 

For (2). There is an obvious morphism W2[i-i){M,(l),F) W2i{M,(l),F) in 
MT^. The morphism W2iiM,(j),F) gr^(M, 0, F) is defined by the projection 
M<i Mi. Since n (M<i K) = 0, the projection is compatible with the 
filtrations. Therefore the sequence ()l.l.ip is well-defined. 

In order to prove that the sequence is exact we need to show that it is an exact 
sequence of ^-modules and an exact sequence of filtered X-vector spaces. The first 
statement is obvious. For the second statement we note that all members in the 
sequence (|l.l.ip are objects in MT^, thus the Hodge polygons equal the Newton 
polygons. In particular, 

dim(FJ' n M<,) = dim(F^' n M<,_i) + dimF^, 

for all j G Z. This immediately implies the claim. □ 

Corollary 1.1.7. The category MTf^^ is contained in the category of weakly ad- 
missible filtered {4>, N)-modules. 

Proof. We use the fact that weakly admissible filtered {(j>, Af)-modules are stable 
under extensions. Therefore the claim follows from Proposition 1 1 . 1 .61 provided we 
prove that gr^(M, </>, N, F) is weakly admissible for ah (M, (j), N, F) G MT^'^ and 
all i £ Z. By Definition 11.1.51 gr2^ (M, 0, N, F) is isomorphic to a direct sum of 
Tate objects K{—i). Since Tate objects are (weakly) admissible, we are done. □ 

In contrast to the category MFp^ , the category of weakly admissible filtered 
((/), iV)-modules MFp^'"^"" is an abelian category. 
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Proposition 1.1.8. Let f : {M, (j)M , Nm , Fm) {M' ,(f>M> , Nm' , Fm') be a mor- 
phism in MT^'^ . We denote by ker(/) and cokcr(/) the kernel of f and the cok- 
ernel of f in MFf^^'^"" , respectively. Then kcr(/) and coker(/) are contained in 
MTf^^ . In particular, MTf^^ is an abelian category. 

Proof. First, consider the full subcategory C of isocrystals over Kq with objects 
(Af , 0) such that there exists an isomorphism 

(M,0) = 0(ifo,p"-a). 

It is easy to see that C, as subcategory of the category of isocrystals, contains all 
the kernels and cokernels of morphisms in C. 

We denote by /o the induced morphism (A/, cj)M) ^ {M' , (f>M')- Then 

ker(/) = (ker(/o), |kcr(/a), lkor(/o), -F^ n (ker(/o) (E)Ko K)). 

We know that ker(/o) G C and thus satisfies Property (1) of Definition 11.1.31 It 
remains to show that 

Fl[ n (ker(/o) ®k„ K) ker(/o)>, (g)K„ K 
is an isomorphism. We have a commutative diagram 

Fl, n (ker(/o) ®Ko K) Flj Fy 

W w ' ' 

^ kcr(/o)>^ ®K„ K M>, K ^ M^^ ®Ko K. 

Moreover, both rows are exact, which implies Property (2) of Definition 11.1.31 
The claim for the cokernel follows dually. □ 

1.1.9. The categories MXf^^ and MT^ are Qp-linear rigid (8)-categories. 
Lemma 1.1.10. The functor 

(1.1.2) u : MTp^ (Qp-vector spaces), {M, 0, TV, F) w„(M, 0, F), 

nez 

with 

iOniM, cj), F) = Hom^,^, gr^^jM, 0, F)), 

is a fibre functor. In particular, [MTf^^ ,Cj) and {MT^,u}) are Tannaka categories. 

Proof. It is easy to see that tj is a ^-functor. In order to see that w is exact and 
faithful we will prove the existence of an isomorphism 

(1.1.3) QKo^{l-iM,(l),N,F)^M), 

where u}Ko{M,(f>,N,F) = uj{M,(j),N,F) Kq and 7 forgets about 0, TV and F. 
Since 7 is exact and faithful, this will imply the claim. 

In order to construct (jl.l.3p . we observe that there is a functorial isomorphism 

(1.1.4) Hom^y, (Kin), gr!!;„(M, N, F)) Kq ^ Af_„, 

□ 
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Proposition 1.1.11. An object {M,(t),N,F) e MFp^'""" belongs to MTf;^ if and 
only if there exists an increasing exhaustive separated filtration W by subobjects of 
{M,(j),N,F) in MF'^^'^'^ such that Wi/Wi-i vanishes if i is odd, and is a sum of 
Tate objects K{—^) if i is even. 

Proof For {M,(j),N,F) £ MTp^ , such a filtration exists by Definition [TX5l 
ProDOsition ll ■ 1 .61 and the fact that gr^(M, 0, N, F) is a sum of Tate objects K{—i). 

Suppose now that (Af, iV, F) e MF^'^'™" admits a fihration W satisfying the 
assumptions. It is easy to see that (Af, satisfies Property (1) of Definition ll.1.31 

In general, if 

Ml M A h 
is an exact sequence in M Fp^ '""^ , and Afi, M2 satisfy Property (2), then M satisfies 
Property (2). By induction on i we conclude that W^ 6 MTp^ for all i. □ 



It is clear that any filtration as in Proposition II. 1.111 has to coincide with the 
weight filtration, and that any morphism between two objects in MTp^ has to be 
strict with respect to the weight filtrations on these objects. 

1.2. The crystalline logarithmic point. 

1.2.1. Recall from (jl.l.2p that we have a fibre functor Co equipping MTp and 
MTp^ with the structure of Tannaka categories fLemma I1.1.10|) . Let Gq and 
Gq denote the pro-algebraic groups which represent tensor automorphisms of Q 
on MTp and MTp^ , respectively. In other words, we have Gq — Aut® and 

G|* = Aut*^^^^ The goal of this section is to construct a non-trivial X-valued 
point r] of Gcd- 

Definition 1.2.2. For {M,(t),F) G MTp we define 

?7(M, 0, F) : Mk ^ Mk 
to be the unique endomorphism rendering the following diagram commutative: 

(1.2.1) Mk = ©,ez ®k„ K ^''"^''"'^ ^ ©,gz M>, K 



n{M,it>,F) 



Mk ©.ez F'Mk, 

where Li : Mi — >■ M>i is the obvious inclusion, tt^ : F^Mk M>i ®Ko ^ is the 
projection and therefore by definition an isomorphism (Definition I1.1.3T 2)). and 
is the sum over the obvious inclusions. 

Lemma 1.2.3. The morphisms 77 from Definition \1.2.2\ define a tensor automor- 
phism of the fibre functor Cjk — Co K . 

Proof. Via the (^-isomorphism (jl.l.Sp we may identify uj (8)Qp K^i with the forgetful 
functor {M, (j), F) i-> M. After tensoring with K we obtain Cjk{M, cj), F) = Mk- 
First, let us prove that r]{M, 0, F) is an automorphism. We denote by 

rj{M,cf>,F)[i,j]:MjC$KoK 



ON p-ADIC PERIODS FOR MIXED TATE MOTIVES OVER A NUMBER FIELD 



7 



the the composition with the inclusion Mj ®Ko K Mk and the projection Mk 
Mi (E)Kq K. It is easy to see from the definitions that 



(1.2.2) 77(M,0,F)[z,j] 



iii> j, 
idM, if « = j- 



Therefore 77(M, ^, F) is an automorphism. 

Since the diagram (jl.2.ip is functorial, 77 defines a natural transformation. The 
compatibility with the tensor product is obvious. □ 

1.2.4. Let us explain the construction of 77 in the formalism of |Del94| . For 
(Af, 0, F) E MT^ there are three filtrations on Mk- 
(1) the weight filtration: 

M^± ®Ko K if i is even 
M^ i-i iS)Ko K if z is odd. 



W,Mk 



(2) The Hodge filtration F. 

(3) The filtration 

F'Mk ■■= M>i ®Ko K for all i G Z. 
The three filtration W, F, F satisfy the condition 

Gr5,Gr|Gr^MK =0 for n ^ p + q, 
of |Del94[ §1.1]. Induced by F,F, we obtain maps 



ap -.MK^^F'n W2^ ^ GTY^MK, 
ap■■MK^^F'nW2^^^ GvZMk. 



where F* n W2i Gr^ Mk is the natural map (and similarly for F). We obtain a 
unipotent automorphism d — apOp^ of Gr^M/f. 
It is easy to see that we have the equality 

ri{M, (f), F) = o do ap. 

1.2.5. Let us see in explicit terms how 77 compares the crystalline structure with the 
Hodge filtration. For (M, <j), F) e A/T^ we say that vi,...,Vde Co{M, </>, F) (g)Qp K 
is a homogeneous basis if it is a basis of uj{M, 0, F) (Xiq^ K , and for every Vi there 
is an integer ni with Vi S UmiM, (j), F) <^q^ K; we set deg(fi) = rii. 
Recall that for all integers i we have isomorphisms 

ai : M_i (g)K„ K Cji{M, cj), F) (8)q^ K, 

h ■■ F-' n W^2^MK ^ CJ^{M, (j), F) (8)Q^ K. 

The first map is the inverse of p.l.4p and the second map is given by the compo- 
sition 

h ■■ n W_2^MK ^ Mk J*^^ M_, ®Ko K ^ Cj,{M, 0, F) K. 



For a homogeneous basis {vj} we set 
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We denote by {u"'"^'^} the basis dual to {w"^*^}- By definition of rj we have 

V/ / \\ crvs.V/ HodgCN 

1.2.6. By Leninia ri.2.3[ we obtain a if-valued point ij £ Gq{K); we call this point 
the logarithmic point. Let us check that rj is not the identity. 

Proposition 1.2.7. Let n E 'E be an integer. We have 

ifn>0 



(1.2.3) Ext;,^,(/^(0),if(n)) = 



ifn<0. 



Let 

(1.2.4) ^ K{n) ^ {E,(t),F) ^ K{0) -^0 

be an extension. For n ^ 0, there are unique sections f : E ^ Kq and v : Kq E 
of the underlying maps of Ko-isocrystals of i and it, respectively. The isomorphism 
il.2.3\) . for n ^ 0, is given by the formula 

E^ f{Tj{E,cl>,F){v{l))). 

Proof. First, we consider the case n — 0. Let {E,(t),F) be as in (|1.2.4p . We have 
F°{Ek) = Ek and F^{Ek) = by Definition [TX3i;2). In view of Definition 
11.1.3( 2) there is an isomorphism [E, (p) = (A'o, a) © {Kq, a), thus there is a section 
of TT in MT^. 

For n ^ 0: From the slope decomposition we obtain natural sections /, v as 
(/(-modules. If n < then F^Ek = i{K) which means {E, 0, F) = K{G) © K{n). 

For n > 0, we can uniquely write F'^+^Ek = K{a ■ t(l) + v{l)) with a £ K. 
Obviously, 

f{7]{E,cj),F){v{l)))^a. 
It is clear that F'^'^^Ek is the only invariant for extensions. □ 

1.2.8. Recall that we have a fibre functor w (jl.l.2p to the category of Qp-vector 
spaces. In the obvious way Q factors through the category of graded Q^-vector 
spaces. Furthermore, we have an automorphism rj oicuji (Lemma ll.2.31) . 

Definition 1.2.9. We define C,, to be the category of pairs {V,ri), where F is a 
finite dimensional graded Qp-vector space and r/: V(E>K^V(S^K is a. iiT-linear 
map such that for all n 6 Z; 

(1.2.5) {f]-id){Vn^K) C^V^^K. 

Morphisms (Vi,r/i) (V2,?y2) are Qp-linear morphisms t : Pi — > V2 which respect 
the grading and commute with the endomorphisms 77^, i.e. rj2 o {t ® idpc) = (t 
idK) o Vi- 

The category is a ©-category with 

(Fi,?7i) © (^2,772) = (Vi © V2,??i ©??2)- 
Proposition 1.2.10. The functor 
* : MT^ C 



(M, </,, F) ci„(M, 0, F), r,(M, 0, F) 
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is an equivalence of ®- categories. 

Proof. By Lemma ri.2.31 ry is functorial and is a (X)-functor. It follows from (|1.2.2p 
that 

(?? - id){ujn ® K) CI^Cj^® K. 

We define a functor 

$ : ^ MT^ 
with the following filtration: 

for all i. Property (11.2. 5p implies that $ is well-defined. From Definition 11.2.21 it 
easily follows that v]/ o $ = idc^ ■ 

On the other hand, we have $ o v]/ ^ id^jrp4, via 

$ o *(M, 0, F) (M, 0, F) 
ITXH 



□ 



Remark 1.2.11. Via the dictionary of Section fl. 2 .41 Proposition II .2. lOl is a variant 
of [Del941 Proposition 1.2]. 

1.3. The semistable logarithmic point. 

1.3.1. Let K be as in §1.1.11 with residue field k. We denote by vk the valuation 
oiK. 

1.3.2. Recall that we have a homomorphism 

[.]:k''^Ol, x^[x], 

by taking the Teichmiillcr lift. Denoting by Uk '■= {x G 0^;x £ 1 + the 
1-units, we obtain a decomposition 

= fc^ X Uk- 

The logarithm 

(1.3.1) log -.OI^Ok 

is by definition trivial on the factor k^ and is given by 

E(ii — 1 "l" 
)_ foraUweiJif. 
n 
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1.3.3. We consider O^ q, Q and ®z Q as Q-vector spaces, 

therefore we may form the symmetric algebras SymQ(C'^Q) and SymQ(i4rQ). The 
exact sequence 

^ ^K^^Q^O 

imphes that Spec(SyniQ(iirQ )) is a 1-diniensional affine space over the scheme 
Spec(SymQ(C'^Q)). In other words, for x G K"''- with vk{x) ^ 0, the map 

SymQ(0^_Q)[X] ^ SymQ(if^), X ^ x, 

is an isomorphism. 

The fogarithm (jl.3.ip induces a ring homomorphism 

(1.3.2) SymQ(0]^ Q) ^ K, 
because K is torsion free. 

Definition 1.3.4. We define the if-algebra Kst by 

Kst ■■= SymQ(i^^) ®sy^^(ox_^) K. 

By base change, Spec{Kst) is a 1-dimensional affine space over K. We have a 
natural logarithm 

(1.3.3) \og,t : K"" ^ Kst, x^x®l. 

The iiT- valued points of Spec{Kst) admit the following description: 

(1.3.4) Spec{K,t)iK) = {extensions log : K"" K of (fTXTl) ) 

To \og,t . 

By an extension log : K we mean a homomorphism such that the restriction 

to equals (fTXTj) . 

1.3.5. The p-adic Hodge theory for K (and fixed valuation vk) depends for semistable 
representations on the choice of a logarithm 

log -.K^'^K. 

It will be important for us that our constructions do not depend on a particular 
choice, and for this we have to recall the basic constructions of p-adic Hodge theory. 
We denote by R the ring 

R := limOji/pOji, 

where the maps are given by rising to the p-th power x t-^ x'p. Denoting by Ck — K 
the p-adic completion of K we have a multiplicative bijection 

lim Ock 

where the projective system is defined by rising to the p-th power again. In other 
words, we can represent every element x in i? by (a;(o) , , . . . ) with a;(") G Oc^ 
and = (a;("))P. 

Let Vj^ (resp. vck) be the extension of vk (resp. Uj^) to K (resp. Ck)- The map 

i/fl : i?\{0} ^ Q, x^ycAx^""^) 
can be extended to a valuation 

VE. ■■ Frac(i?)'' ^ Q 
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with valuation ring R. 



Let Bcris be the crystalline period ring; we define 



Est = SymQ(Frac(i?)'' ®z Q) ®Syni^(R>^ ^^Q) Berts, 



where SyniQ(i?^ Q) — > Bcris is induced by the crystalline logarithm 



logcris R^ ^ Berts- 



Again, R^ = x (1 + niji); \ogcris is trivial on and given by 




n>l 



for u <= 1 + mj^, where [u] denotes the Teichmiiller lift of u in the Witt ring W{R) 



The ring B^t has the following properties. 

(1) We have a Gal(A'/i4r)-action on Bgt extending the action on Bcris- 

(2) We have a Frobenius map (p ■ Bgt Bgt extending the Frobenius map on 
Bcris- Moreover, 



which extends (|1.3.ip . we obtain a morphism of Bcris-algebras 

7iog : Bst —J- BdR- 

Thc morphism depends on the choice of log, and the filtration on Bst induced by 
the filtration on BdR via 7iog depends on log. In order to simplify the compari- 
son between different logarithms we will restrict ourselves to logarithms log such 
that log(if(^) C Kq. In other words, we will only consider i^o-valued points of 
Spec{Ko^st)- 

Proposition 1.3.6. i^or log, log' G Spec{Ko,st){Ko) there is a unique ring homo- 
morphism 



of R. 



By construction we have a natural logarithm 

log^t : Frac(i?)^ Bst, x a; (g) 1. 



'/'ologst =plogsf 
(3) We have a Bcris-linear derivation N : Bst Bst such that 

iV(log^j(a;)) = lyRix) for aU x e Frac(i?)'' . 

After choosing a logarithm 

log ■.K'^^K, 



^log,log' '- Bst Bst 

such that 7iog' o (5iog,iog' = 7iog- The map (5iog,iog' given by 



(1.3.5) 




for every x G Kq\0 



X 



Proof. Uniqueness follows from the fact that 7iog is injective. 
Choose p € R with p^^^ = p. By definition we have 

7iog(log,t(p)) = logciRi[p]/p) + log(p). 
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where log,^^ is defined by the usual series since [p\/p is a 1-unit in BdR- Since 
Spec(i3st) is a l-dimensional afSne space over Spec (Scris), there exists a unique 
morphism of Bcris-algebras (5iog,iog' such that 

'5iog,iog'(logst(p)) = logsi(p) + log(p) - log'(p). 
Obviously, <5iog,iog' satisfies 7iog' o (5iog,iog' = 7iog and the equality (|1.3.5p . □ 

By using 7iog we obtain a filtration on Bst- The p-adic Hodge theory |CFOO[ 
Thm. A] asserts that the functor 

(1.3.6) Dst.iog :(semistable Qp-representations of GaX{K / K)) — > MPf^^'^'"" 
V ^ {Bst <E>Q^ V) 

is an equivalence of categories. We will use the subscript log in Dstjog to emphasize 
the dependence on log. 

Denoting by forget^ the functor forget^ (Af, 0, N, F) — (M, 0, N), we get 

forget o Dstjog = forget J. o D^f^iog', 

because only the filtration depends on the embedding to BdR. Proposition 11.3.61 
implies that for the filtrations we have the following comparison: 

ri 3 71 - exD f lQg(-^) - log (a^) ,A p^ 

for alH G Z and all x e Ko\0^^. 

Definition 1.3.7. Let K he a p-adic field. We denote by MTg^ the full subcate- 
gory of p-adic representations V of Gal{K / K) which admit an increasing exhaustive 
separated filtration W by subrepresentations of V such that Wi/Wi^i vanishes if 
i is odd, and is a sum of Tate objects Qp(— |) if i is even. We call an object of 
MTgk a mixed Tate representation of Gail{K / K) . 

Proposition 1.3.8. Let log £ Spec{KQ^st){Ko) . Then 

In particular, every mixed Tate representation is semistable. 

Proof. From Proposition II . 1 . iTl it follows that every object in ^7t\og(-^^K ^) 
mits a filtration W satisfying the properties of Definition 11.3.71 

Now, suppose that V is a p-adic representation of Gal{K / K) which admits a 
filtration W as in Definition 11.3.71 If we know that V is semistable then clearly 
D,t,ios(y) G MTp^ by Proposition HUJJ again. Therefore it suffices to prove 
that V is semistable. 

We use induction on the length of the filtration W of V. If the filtration W has 
length < 1, semistability of V follows from those of Qp{n). In general, let n be the 
smallest integer such that WinV = Then we have an exact sequence 

(M^2n-2l^) ® Qp(n) ^V® Qp(rj) -> {V lW2u~2V) ® Qp(n) ^ 0. 

By the induction hypothesis the terms on the left and right are semistable. More- 
over, since the weights of the term on the left are < — 2 and the term on the right 
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has weight 0, we have 

F\DdR{{V/W2n~2V) ®%{n)))^ DaR{{VlW2n-2V) ® Qp{n)). 

Therefore |Nek93| Proposition 1.28] shows that the middle term is also semistable. 

□ 

Obviously, 

(1.3.8) T ^ Cb o Dst,\oir 

is independent of log, and {AITgk,t) is a Tannaka category (by Lemma Fl.l.lOp . 

1.3.9. Recall from Lemma [1.1.101 that {MTp'^ , oj) is a Tannaka category. We will 
use the ring Kst (Definition 11.3.4^ and log^^ (|1.3.3p . 

Definition 1.3.10. For a logarithm log G Spec{Ko,st){Ko) and {Ad, cj), N, F) G 
MT^'^ we define iist,ios{M, N, F) G EndK,,(M Kst) by 

^.,,og(M, c^, N, F) := exp (^l^lM^i^g^iMAr) ^(M, 0, F), 

for X G K^\0'^^^. For the definition of r;(M, 0, F) we refer to Definition [TXl 

Obviously, rjst.iog does not depend on the choice x G K^\Oj^^, but it depends 
on log. 

Lemma 1.3.11. Let log G Spec{Ko^st)iKo) ■ The morphisms r/st.iog from Definition 
M.S. 1(]\ define a tensor automorphism of the fibre functor Co Ki,t — w^Qpi^st- In other 
words, r]st,iog G G^^^K^t) with G?* = Aut®^^,„w. 

Proof. Via the (ED-isomorphism (|1.1.3p we may identify uj Kq with the forgetful 
functor (M, </), N, F) ^ M. After tensoring with Kst we obtain tj^.t [Ai, (p, N, F) = 
AI^Ko Kst- Lemma fl . 2 . 31 implies that ri{M, </>, F) is a tensor automorphism, thus it 
suffices to prove the statement for exp ^ i°g(3:K|ogst (^) jy^ ^ rpj,^^ functoriality follows 
immediately. The compatibility with the (8>-structure follows from 



Nm^®M2 = Nm, 1 + 1 (g) ■ 
Lemma 1.3.12. The K st-valued point 

Vst — Vst,log ° Dst,log 

of Aut fjrp^ T is independent of the choice of log G Spec(ii'o,st)(^o)- 

Proof Let log, log' G Spec(i4:o,st)(^o) and V G AITg,,-. In view of (fOJ)) we get 

(1.3.9) viforgetj,Dst,iog'{V)) = exp f ^^si^) - hg (x) \ ^^^^^^^^^^jj^^ ^^^^y)), 



□ 



14 



ANDRE CHATZISTAMATIOU AND sInAN UNVER 



for very x G ifo\C^^, and forget^ (A/, 0, N, F) ^ {M, 0, F). Thus 
Vst.ios'Dst^os,{V) = exp (" WW-log.tW ^A ,^(forgetjvi?.Mog'(^)) 

= exp ("i^iM^i^g^^'j ^(forget^D,,,,og(T/)) by dm]), 

= V St, logD St Aog{V). 

□ 

Example 1.3.13. By Kummer theory any q £ defines an extension V of 
the Gal(-R'/i4r)-representation Qp(0) by Qp(l). This in turn gives via Dst, log an 
extension of ^(0) by K{1) in MT*'^: 

^ K{1) M ^ K{0) 0, 

which may be described as follows. The underlying Xo-space of M has a basis cq, e\ 
such that the following conditions are satisfied: 

(1) the action of (/> is given by ^(ei) = v^^ei for i = 0, 1, 

(2) ei is the image of 1 S 

(3) Co maps to 1 G -ft'(O). 

The mtration is given by F^^Mk = Mk, F^Mk = K ■ (log(9)ei + eo) and 
F^Mk = 0. Finally N is given by iVeo = —VK{q) ■ ei and iVei = 0. Then we easily 
compute 

Vst{V) = ^ -,.K(.?)(l0g(^)-l0g..,(^)) ^ ■ (^log^(g) 

for the obvious basis of 

t{V) = Hom(Q(0), Q(0)) ® Hom(Q(l), Q(l)), 

and every x G Kq\0^^, or, equivalently, for every x G K\0^. If vxiq) 7^ then 
we can take q — x m order to see that 



Vst{V) = 



1 



holds for all g G -ftT^ . 

1.4. Tannaka group scheme of mixed Tate filtered modules. 

Definition 1.4.1. We define C to be the graded Qp-Lie algebra freely generated 
by K'^ (i.e. the dual of A', where K is considered as Qp-vector space) in each degree 
i > 0. In other words, C is defined by 
(1.4.1) 

Hom^gj-adod Qp-Lic algebras) (-^i 7") ~ Hom(gradod Qp-vcctor spaces) (©iGZ>o-^ i T) , 

for every graded Qp-Lie algebra T- Via (jl.4.ip we get Qp-linear maps 

ai-.K"^^ A, for all i > 0. 

Obviously, C is concentrated in positive degrees and each Ci is a finite dimen- 
sional Qp- vector space. 
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Definition 1.4.2. For all n > 0, we define a Qp-Lie algebra £<„ by 

We set C — \^^£<n- For every field extension K D Qp we define Ck ■— 
lim (£<„ Ky 

We will be only interested in the finite dimensional graded representations of £, 
which can be identified with the finite dimensional graded representations of C. 

1.4.3. There is natural element e € Ck defined as follows: 
(1.4.2) e ^(fli ®idK)(id), 

i>0 

with id G Cg)Qp K the canonical element. After choosing a Qp-basis vi, . . . ,Vd of 
K, we see that 

d 

i>0 j = l 

Let y be a finite dimensional graded representation of C then exp(e) is a unipo- 
tent automorphism of V (E)Qp K. 

Proposition 1.4.4. The ^-functor 

^! : (finite dim. graded C-modules) 

y^(y,exp(e)) 

is an equivalence of categories. 

Proof. Note first that "if is well-defined, because (exp(e) — C ®i>nVi, for all 

n, thus (|1.2.5|) is satisfied. 

Let us prove that ^' is essentially surjective. Let {(BnVn,v) be an object of C^,. 
Since 1 — 77 is nilpotent we can define 

g = log(77) = log(l - (1 - 77)). 

For every j > we define a Qp-linear map /3i : K"^ End(y)i by 

f^iif) = ^{'idvr,+, ® /) o P^'oiv„+,(5K ° e ° inclv„, 

n 

where incly^ : Vn ^ V and pi^oiy^^.^K ■ V ® K ^ Vn+i ® K is the inclusion 
and the projection, respectively. Via (ll.4.ip we obtain a graded representation 
p : C ^ End(y). We need to show that exp(p(e)) = 77, or equivalently p(e) = e. 
This is a straight forward computation which we leave to the reader. 

Next, we need to prove that 4* is fully faithful. Clearly, ^ is faithful. Let U 
be two graded representations of C, and suppose r : V — )■ t/ is a morphism which 
respects the grading and commutes with exp(e). Then r commutes with e. Fix a 
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basis vi,...,Vd oi K. For w g we get 

Te{v) = ^ a^{v)){v) ® vj) 

i>0 ] 

Therefore r o ai{vj) = ai{vj) o t for all z, j. Since £ is generated by the elements 
{ai(wj)}ij- we see that r is a morphism of £- representations. □ 

Corollary 1.4.5. There is an equivalence of ®- categories 

: MT^ — )■ (finite dim. graded L-modules) 

such that 

• forg o Q — where forg forgets about the C- action. 

• exp(e) \Q(M.,j>.,F)= il{M,(l),F). 

Proof. Follows immediately from Proposition 11.2.101 and Proposition 11.4.41 □ 

Corollary 1.4.6. Let U be the pro-algebraic group U = lim exp(>C/(®i>„>Ci)). 
Let Gcj be the Tannaka group attached to the fibre functor Cj fLemma \l.L10\) . 
There is an isomorphism 

such that rj G Gcj{K) corresponds to exp(e) G U{K). 

Proof. In view of Corollarv ll.4.51 the statement follows from the fact that x U 
is the Tannaka group of the fibre functor: 

forg : (graded finite dimensional >C-modules) (Qp-vector spaces). 

The action of Gm on U is induced by the action of Gm on C given by the grading: 

Gm X Li\ (t, x) i-^ f ■ X. 

□ 

2. Mixed Tate motives over a number field and logarithmic points 
2.1. Mixed Tate motives. 

2.1.1. Let i? be a number field and S a set of finite places. Let O be the ring of 
integers of E, and |Spec(C')| the maximal spectrum of O. We denote by 

Os := fl 

xeSpcc{o)\s 

the ring of S'-integers of E; the elements of Os are integral outside of S. We will be 
mainly interested in two cases for S. In the first case, we have S = |Spec(C')| and 
Os = E. In the second case, we have S = |Spec(C')|\{a;}, for a point x G |Spec(0)|, 
and Os = Ox is the local ring at x. 
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2.1.2. Dcligne and Goncharov defined in jPGOSi 1.6] an abelian category of mixed 
Tate motives MT{Os)- By definition it is the full subcategory of MT{E) consisting 
of objects which are unramified outside S in the following sense. Let x G |Spec(C')| 
be a point lying over a prime p] then we say that M G MT{E) is unramified at x 
if for all primes i ^ p the corresponding Galois representation Mi is unramified at 
x, i.e. the inertia subgroup Ix (which is only well-defined up to conjugation) acts 
trivially at Mg |DG05| Proposition 1.8]. 

2.1.3. For extensions of Tate objects we know that: 

Extl,j,(o,)(Q(0),Q(l)) = O| ®Q, 

ExtLT(as)(w),QW) = [l ,1 ^, '^"-J: 

(Ext^,^r(£;)(Q(0),Q(n)) ifn^l, 
Exti^T(Os)(Q(0),Q(ri)) = for all n e Z, 
(see IDG051 Proposition 1.9]). 

2.1.4. Every object of MT{Os) comes equipped with a finite increasing functorial 
weight filtration, indexed by even integers. For all n G Z the graded pieces gr2^(M) 
are sums of copies of Q(— n). 

In view of [DG05 , 1.1] the (X)-functor 

(2.1.1) w : MT{Os) (Q-vector spaces), 

^(M) := 0Hom(Q(n),gr^2„(M)), 

nGZ 

is a fibre functor, therefore MT{Os) is a Tannaka category. We denote by Gs,uj 
the group scheme of ^-automorphisms of uj. By jDG05| 2.1] we can write Gs.ui as 
a semi-direct product: 

where Us,uj is a unipotent group and Gs,uj — > is induced by the obvious grading 
of UJ. li S = |Spec(C')| then we simply write G^j = Gs,u- 

2.1.5. Functor to p-adic representations. Let x G |Spec(C')| be a point lying over 
a prime p. Let K = he the completion of E at the place x. Choose algebraic 
closures E, K, and an embedding l : E ^ K. 

To M G MT{E) we can attach a Galois representation Mp of Gal(i?/i?) with 
coefficients in Qj,, which is called the p-adic realization of M . By using t, we get a 
continuous homomorphism 

Ga\{K/K) Gal{E/E), 
and we can restrict Mp in order to obtain ap-adic representation M^^p of Gal{K / K) . 
Proposition 2.1.6. The assignment M i-> M^^p defines a functor 

{.),,p:MT{E)^MTg^. 
See Definition \r3l\ for MTg^. 

Proof. The p-adic realization is functorial. Thus we only need to show that M^^p G 
MTgk , which follows immediately from the existence of the weight filtration of M 
and Definition 11.3.71 □ 
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The set {t : i? — s> of embeddings over E is a. torsor under the Galois group 
Gal(-E'/_E), and for every g G Gal{E/E) there is a natural transformation: 

(2.1.2) Ug : (.)t,p ^ (.)w3,p. 

Lemma 2.1.7. For the fibre functor r (defined in lll.3.8\) ) and the fibre functor lu 
defined in h2.1.1\) we have a canonical isomorphism 

For every g G Gdl{E / E) , the diagram 

\2 l.2\l 

(2.1.3) To{.),^p — ^ro(.)jog,p 



is commutative. 

Proof. Straightforward. □ 

2.1.8. Recall that we have constructed a iiTst-valued list of Aut®T fLemnia ll.3.121) . 

Proposition 2.1.9. For every embedding l, rjx '.= rj^t ° (.)t,p defines a K^t-valued 
point of Aui'^jrp^^^uj which is independent of the choice oft. 



Proof. Since t o (.),,,p = uj <Siq Qp by Lemma |2.1.7[ rjgf o (.)t,p is a i^T^^f-valued point 
ofAut^w. 

The independence of the choice of t follows from the commutative diagram 



(r o (.),_p) (^Q^ Kst 



T i2.1.2l iiK,, 



(t O (,),og,p) 




LO (g)Q Kst W (g)Q K, 




[r o (.)t,p) (K)Qp Kst 



[t O i,),og,p) 



Ks 



where the triangles are commutative by Lemma |2.1.7[ and the square is commuta- 
tive because rjst is functorial. □ 

2.2. Crystalline characterization of unramified motives. 

2.2.1. Let be a number field, and let M be a mixed Tate motive over E^ i.e. an 
object in MT{E). Let be a finite place of E, M is unramified at v |DG05[ 
Definition 1.4, §1.7] if the coaction |DG05[ (1.2.2)] 



of Ext^ 



CM : i^{M) ^ Exti(Q(0), Q(l)) ® uj{M) 
(1)) = i?^ ®z Q on ijj{M) factors through a coaction of 
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2.2.2. Recall from Proposition 12 . 1 .61 that A'/t,p is a mixed Tate Galois representa- 
tion of Gk = Ga\{K/K) for the completion K = dX v. In particular, Mi^,p is 
semistable (Proposition ll.3.8| . In the following we will simply write Mp = Mp_t. 
We call Mp crystalline if the monodromy operator N of Dst{Mp) is trivial, or 
equivalently if 

is an isomorphism. 

Theorem 2.2.3. Let M be a mixed Tate motive over E and v a finite place of E. 
Then M is unramified at v if and only if Mp is crystalline. 

Proof. First note that the statement that M is unramified at v is equivalent to the 
statement that for every subquotient of M which is of the form 

^- + 1)^ N ^ Q(n) 0, 

for some n, the extension class Ext^(Q(n),Q(n+ 1)) = Ext^(Q(0), Q(l)) i^"" ®Q 
lies in (g)z Q pCxOSI §1.4]. 

Also in the category of p-adic representations of a p-adic field K, a repre- 
sentation in Extg^ (Qp(0), Qp(l)) that is associated to some q G (g) Q C 
^^(is:^/(X^)P") (g) Q = ExtG^(Qp(0),Qp(l)) is crystalline if and only if g G 
(g Q |Tsu02[ Example 2.3.2]. 

First, suppose that Mp is crystalline, then every subquotient of Mp is crystalline. 
So in order to prove that M is unramified at v we may assume that M = N, where 
N is as above with n — (after Tate twist). Therefore we have an extension 
in Ext"'^(Q(0), Q(l)), defined by some q E E^ ®i Q, whose p-adic realization is 
crystalline at v. Then the above remark implies that the image of q in i?^ (g) Q lies 
in (g) Q, hence q G (g) Q and M is unramified at v. 

Suppose conversely that M is unramified at i^. We have to show that the mon- 
odromy operator TV on Dst{Mp) —: D{M) vanishes. Note that N maps the 
slope A piece of D{M) to the slope A — 1 piece. Therefore, if is nonzero on 
D{M) then there exists an n such that N is nonzero on D{W2nMp/W2n-iMp) = 
D{{W2nM /W2n-iM)p). Replacing M by {W2nM /W2n-iM)®<^{n) we may assume 
that M is defined by a class in Ext^(Q(0)®'', Q(l)®") = Ext^(Q(0), Q(l))®", M 
is unramified, and N is nonzero on D{M). By passing to a subquotient we may 
further assume that r = s = 1. This gives an extension in Ext^(Q(0), Q(l)) which 
is unramified at v (and hence defined by some q G ® Q) and whose p-adic 
realization is not crystalline at v. This is a contradiction. □ 

2.2.4. Recall the notation of Section [2.1.11 Let x G |Spec(C')| be a point; in the 
following we will work with S = |Spec(C')|\{a;}, thus Os = Ox- 

Let p be the prime lying under x. In view of Theorem 12.2.31 we know that 
MT{Ox) is the full subcategory of MT{E) consisting of motives AI such that the 
p-adic realization Mp is crystalline at x. 

We denote by Gx the group scheme of (g)-automorphisms of the fibre functor (see 

(2.2.1) w : MT{Ox) (Q-vector spaces). 

The group scheme Gx is a quotient of G^^ = Aut^JJ,f^^a;. 
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Lemma 2.2.5. The morphism Spec{Ex,st) Guj Gx factors through the struc- 
ture morphism S\iec{Ex^st) Spec(i?2:) and thus defines a point 77"*" G Gx{Ex). 

Proof. The point rjx was defined in Proposition [2T9l If M £ MT{Ox) then 
DstiM^^p) has vanishing monodromy operator N and rjstiM^^p) — rjst,\ogDst{M^^p) 
takes values in Ex by Definition 11.3.101 □ 

2.3. Main theorem. 

2.3.1. Let a; G |Spec(C')| and let Ex be the completion of E at x. Bloch and Kato 
[BK901 Definition 3.10] define an exponential map 

(2.3.1) exp : ^ Ext^(Qp(0),Qp(n)), for all n > 1, 

where Ext^ is computed in the category of p-adic representation of Ga.\{Ex/ Ex). 
Note that, in fact, the image of the exponential map lies among the crystalline rep- 
resentations Ext;l:^j^3(Qp(0), Qp(n)) [BK90. Example 3.9]. Via p-adic Hodge theory, 
we obtain a map 

(2.3.2) Ex ^ Exti,^,(Qp(0),Qp(n)) ^ Ext^,^^^ {Ex{Q), Ex{n)), 

which, by abuse of notation, will also be called the Bloch-Kato exponential map. 

2.3.2. For an extension M e Extj^.jj^^Q^-j (Q(0), Q(n)) with n > 1, there are natural 
maps : Q w(M) and fn ■ uj{M) — > Q defined as follows. By definition, there 
are isomorphisms a : Q(n) — > gr5;^„M and /3 : gi^ M Q(0); we define 

«o : Q = Hom(Q(0),Q(0)) ^ luo{M) ^ c^(M), 

/„ : LJ{M) ^ c^„(Af ) ^ Hom(Q(n), Q(n)) = Q. 
Therefore, we can attach to M a function in A^{Gx), defined by 

M{t) /„(i • vo), 

for every point t : T ^ Gx- 

Theorem 2.3.3. Let E be a number field and O be the ring of integers. Let x G 
Spcc(O)] be a closed point over a prime p. For the Tannaka category (MT{Ox), i-o) 
of mixed Tate motives we denote by Gx the group scheme of (i?)- automorphisms of 
Lu. For all n>\, the map 

ExtLj,(o^)(Q(0), Q(n)) ^ Ex, M ^ A/(7,r), 

induced by rfff G Gx{Ex) (see Lemma \2.2.5\) . is the composition of the p-adic 
realization 

Exti,j,(o^)(Q(0),Q(n)) ^ Exti,^,(Qp(0), Qp(n)) 
and the inverse of the Bloch-Kato exponential map \2. 3.1\) . 

Proof. Let us prove that evaluation at the point 77"'' has the desired compatibility 
with the Bloch-Kato exponential map (see (|2.3.2p ) 

exp : Ex ^ Exti,^,(Qp(0),Qp(n)) ^ ^^i\„^^{Ex{Q),Ex{n)). 

For this we need to recall the construction of the exponential map. For the rest of 
the proof lei K := Ex- First there is an exact sequence jBK90[ Proposition 1.17]: 

(2.3.3) ^ Qp ^ Bt=\ ® ^ BdR ^ 0, 
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where the first map sends x to {x, x) and the second one sends (a;, y) io x — y. 
For n > 1, the Bloch-Kato construction gives a map 

K = (Qp(n) ® BdRf'^ ^ ExtlyMp{0),Qp{n))- 

This map is obtained as follows. First tensor the above exact sequence with Qp{n): 

^ Qp(n) ^ (Qp(n) ® © (Qp(n) B+^j ^ Qp{n) (g, Ban ^ 0. 

Then an element a in K{n) = (Qp(n) ^B^r)^'^ gives a map Qp — Qp(?T-) <E)BdR, 
pulling back the above exact sequence via this map gives the extension we were 
looking for. 

More explicitly, for a (z K the extension constructed above is: 

where Vq ^ Qp ■ t" (S) at~^ , Vn — Qp ■ i", and y is a 2-dimensional representation 
of Gk with basis which can be described as follows. By the exact sequence (12.3.31) . 
there exists x £ Bf^l and y S B^j^ such that at^" = x — y. Then V has basis 
{(r X, r y), (r ® 1, r ^ l)}. For a e Gk, 

a(r X, r (8) y) = (t" (8) r (g) y) + 7(a)(i" ® 1, t" ® 1), 

for some 7(0-) G Qp. Therefore 

Xcyc(o')"cr(a;) = x + j{a) 

and 

Xcyc(CT)"cr(y) = y + 7(cr) 

Let us now try to find what this extension corresponds to after we apply the 
functor (• (g) Bcrys)^'^ ■ First note that {V ® Bcrys)'^''^ has basis 

and 

eg := (t" t" (g) y) (g) 1 - (r (g) 1, r (g) 1) a;. 

That e„ is invariant under the Galois action is clear. In order to see that eg is Gk 
invariant let a G Gk- Then 

f7(eo) = (i" ®{x + 7(cr)), t" g) (y + 7('7))) «> 1 - (<" «> 1, t" g) 1) g) + 7(cr)) = eo. 

Now note that <^(e„) ~ j3^"e„ and </?(eo) = bq. Furthermore e„ is the image of 
1 G ^('T') and eo maps to 1 G K{Q) in the exact sequence (note that Qp(0) is 
identified with Vb via the map that sends 1 to g) at""): 

^ X(n) (1/ g) Bcrys)'^" ^s:(0) ^ 0. 

Therefore in order to compare Bloch-Kato's construction we need only compute the 
filtration on {V g) Bcrys)'^'^ gi^o need to compute the 0-th piece of the 

filtration on {V g) Bdu)^'^ . 

We claim that ae„ + eg G g) Bdn)'^'^ ■ This follows immediately from 

ae„ + eo = (t" g) g) y) (g 1 - (t" (g 1, T g) 1) g) y, 

and the fact that y G -6^7^. Now Proposition 11.2.71 implies the claim. □ 

2.4. Archimedian places. In this section we recall the story for archimedian 
places; our reference is |Del94] and |BD94) . 
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2.4.1. Let be a number field and a : E ^ <C a.n embedding. To M <E MT{E) we 
can attach a real mixed Tate Hodge structure Ma- Recall that a real mixed Tate 
Hodge structure W, F) consists of an R-vector space H , an increasing filtration 
W of iJ, and a decreasing filtration F oi H ®r C such that 



GrPGr«,Grr(if 



if n is odd, 

if n is even and ^ (f , f )■ 



Induced by F^ F, we obtain maps 

Oi. : iJ ® C = n W-2^ GT^2^H C, 

: F ® C = F-^ n W_2« ^ Gr!!;,F ® C, 

iez iez 

where n W2i Gr^i/ (g) C is the natural map (and similarly for F). For the 
automorphism d = apap^ of ® G'r!!'2i^ (g) C we know that 

(d - l)(Gr^2^^ ® C) C Gr^2,i^ ® C, 

j>i 

by |Del94[ p.510], and J = rf-^ |Del94[ p.513]. 

2.4.2. Let C be the category of pairs ((BiHi,d) where (BiHi is a graded R-vector 
space and d : (BiHi (g) C ^> ®iHi eg C is an automorphism satisfying the conditions 
J = rf^i and (d - l){Hi) C (Sj>iHj, for all i. 

Proposition 2.4.3. |Del94[ p. 514] The functor 

(Real mixed Tate Hodge structures) C 

(H, W, F) ^ (©,ezGr^2z^, d) 

is an equivalence of categories. 

The maps d define a C-valued Cg-automorphism for the fibre functor 
w : (Real mixed Tate Hodge structures) — ^ (R-vector spaces), 

Co{H,W,F)^^Gr'^2^H■ 

2.4.4. Recall the definition of oj in ()2.1.1|) . For the functor 

TZa : MT{E) (Real mixed Tate Hodge structures), M ^ M^, 
we have an isomorphism 

(2.4.1) w g)Q E ^ w o 7^, 

depending on the choice (27ri)" as a generator for the real vector space underlying 
M(n), in other words we have to choose a square root of —1 in C. In order to avoid 
this choice one can define 

c:;(i7,iy,F) = 0z".Gr^2„^, 

ngZ 

as in [BD94| p. Ill], but we won't do that. 

Via Equation (|2.4.ip . d defines a C-valued point of G^, the ig)-automorphisms of 
the fibre functor w. We define e = \og{d), e defines a C-valued point of Lie(G'^). 
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The dictionary for the notation of |BD94[ p. Ill] is 

d^b~\ e = -2-N, 

and N is purely imaginary. 

2.4.5. For z g E\{0, 1} there is a polylogarithm motive {z} G MT{E) (strictly 
speaking it is a pro-object). The motive {z} is defined as a subquotient of the 
motivic paths from the tangent vector = z, in the tangent space at 0, to z (see 
|DG05[ Theorem 4.4]). The Q-Hodge reahzation of {z] is described in |BD94[ p.98] 
and uniquely determines {z}. 

For every k G Z>o we have natural isomorphisms 

«fc : gr^2fc{4 ^ 

we define vq G w({z}) and fk G lli{{z}Y by 

: Q = Hom((Q(0), Q(0)) ^ t^o({2}) 
/fc : w({z}) ^ c^fe({z}) Hom(Q(fc), Q(fc)) = Q. 

We denote by (wo, {z}, /fe) G A^(Lic G^^) the function 

By [BD94I Proposition 2.7] we have 

, s X f M \ - J 2i I]^ '°s|^^^) Ini(Lifc.^<; (z)) if fc is even, 
(^2i}J^6^-s^Re(Life_£(z)) if fc is odd. 

Here, {hg} are the Bernoulli numbers and Li is the polylogarithm. For k even, 
the result does not depend on the choice of the square root of —1; for k odd it is 
independent up to a sign. 
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